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Theory of optical spontaneous emission rates in layered structures
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This paper presents expressions for the optical power and fields radiated by an oscillating dipole in layered
structures, with loss or gain, that are easy to evaluate. For structures without loss or gain, it is discussed that
the radiated power is a direct measure for the local density of modes, whereas for structures with loss or gain,
this correspondence no longer holds due to interaction between the dipole and evanescent modes. The pre-
sented theory is illustrated with a number of examples.
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I. INTRODUCTION guided and evanescent modes as well. The inclusion of the

It is well known[1,2] that the transition rate of spontane- atter leads to unphysical divergence of the radiated power, if
ously emitting atoms or molecules, as well as the correthe dipole is lying in a layer with loss or gain. As discussed
sponding radiated optical field distribution, depend on thdn this paper, this may be overcome by a so-called regular-
local density of optical states corresponding to the electroniézation procedurg17].
energy of the excited state. The latter corresponds, from the The rest of this paper is organized as follows. In Sec. I,
viewpoint of waveguide theory, to the local density of optical basic equations and the used notation are presented. In Sec.
modes(LDOM). Theoretical and experimental work in the I, field solutions for the 2D case are considered, to ease the
above field focuses among others on emitters in photonidiscussion in Sec. IV where the field solutions for the 3D
crystals[3], grated structure4], two-dimensional2D) cy-  case are presented and expressions are given for the power
lindrically symmetric structure$5,6] structures optimized radiated by an oscillating dipole. The paper ends with a num-
for collecting surface generated fluorescefileand layered ber of applications of the presented theory in Sec. V, and
structures[8,9]. Scientific studies on the latter have beenconclusions in Sec. VI.
performed because also in such structures the environmental
effects on the spontaneous emissi&k) rates are consider-
able[8-10], and because the relative simplicity of such basic Il. BASIC EQUATIONS AND NOTATION

structures allows for insight into the physical phenomenon of According to the correspondence principle, results of

en\{_iaonmen:calscéependencle of S'(Ej' has b quantum theory have to be identical to that of classical
_'heory o rates in layered structures has been pulipe gy in the limit of many particles. So, it seems reasonable
lished by several authors for structures with¢8t10-13

. . . . 8] to use as a measure of the LDOM the power radiated b
and with los§13-16. Approximate treatments, including the [8] P y

. . a classical dipole. Then, the equations to be solved are Max-
effect ,Of gwdgd modes, have been prgsentecﬂlln)] using  welr's curl equations, given by, assuming nonmagnetic me-
Green’s functions and bjl1] on the basis of a Hertz vector ;
formalism. The treatment presented [ii], as well as the
one by[12], require an evaluation of guided modes occurring VXE=-iougH (1
in the (real structure. Theory of power emitted by sources in
lossy layered structures has been presentefllBy15, on and
the basis of Fourier analysis. [6], a detailed derivation is V X H = iwegeE +iwP, 2)
given of Green’s functions for layered structures, which may o o ) .
show gain. In the present paper, it is discussed how to derivehere the polarization due to the radiating classical dipole at
full expressions for both power, radiated by a classical oscilf s With electric dipole momenp, is given by
lating dipole, and the corresponding field distribution for lay- P=ps(r-ry 3)
ered structures, which may also show absorption and optical '
gain in part of the layers. The evaluation of radiated fieldsin the above, the relative permittivity,(=n?), n being the
and power is performed by simple contour integration in therefractive index, defines the layered struct(see Fig. 1and
complexk; plane,k; being the in-plane modal wave number, may be a complex function of, except(as explained in Sec.
along a contour that is well-positioned relative to the poledll) in the two outermostsemi-infinite layers, which should
representing guided mode solutions. The relation betweehave no gain. For the dipole as well as for all fields, a time
the radiated power and the LDOM is discussed. As indicatedlependence exjwt) is assumed but suppressed. The wave
in the text, part of the expressions has been derived before lyguations to be solved follow from Egd) and(2) and are
[8,11], considering radiation modes, and pi6] for lossy  given by
structures; the derivations of these are also given here for ) 5
readability. The theory presented here includes the effects of V X'V X E=kpgE + o'uP, 4)
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FIG. 1. Considered layer structure consisting of layers Wvith
an oscillating dipole in layeun, atrg. The field is evaluated at,, in
layeruv.

&V X1l VXH=KeH+ioV XP. (5)

The above two equations are equivalent but for simplicity we

will choose to solve Eq4) for s or TE polarization and Eq.
(5) for p or TM polarization.
Once we know the field distribution belonging to a radi-
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(K2 = K)Hy/(K) = =/ + wkyyp, explik -1 )/(2m)%2. (9)

Here K2=I2s, k=(k k. k), k=k|, and H(k)
= [H(r)exp(ik -r)dr /(27)%2. The electric field along cor-
responding to Eq(9) follows with Eq. (2),
E, =~ pd (€ + K)/(K2 = k?) + 1]explik - r )/[(2m)*2%eqe, .
(10
In order to discuss the radiated power of a dipole in uniform

space, we consider the back transform~EQf which can be
written according to Eq(10) as

Ex(r) =A- Px/(808r),

E—Jm®+@MW—ﬂ

ating dipole, the outgoing power can be calculated by evalu-

ating the power in the excited modes. However, it is more

convenient to consider the powdt, escaping from a small
sphere around the dipole Bf [8]. As discussed below, we

have to assume that the dipole-containing layer has a re
index in order to get a finite result for the escaping power.

The latter is given according to Poynting’s theorem by

1 *
jf; ReE X H")ds
2 surface

1% RV - (E X H")]dv,
volume

5 ®)

where the asterisk ) indicates the complex conjugate and

xexfik - (rs—r)]dk/(8m3eqe,). (11
Using that (K +k2)/(K?=k?)+1=(K?~k2)/(K?~k?), it fol-

[a?WS also from Eq(10) that

E.(r) = - K2Bp/(gpe,) — A2,

B= f (K% - k?)exdik - (rg—r)]dk/(87°), (12

where [19] B=exp(—iK|r -rd)/(4n]r-rg), with K>0 as
only outgoing waves are considered. Combining E44)
and(12), it follows that

E(r) =[- K2 exp(—=iK|r = r)/(27r —rJ)

we used the theorem of Gauss for the second equality. Next,

usingV-(axXb)=b-V xXa-a-V Xb and Eqs(1)—(3), it fol-
lows that

P=-w/2IME(ry-p’], (7)

where we have used thaf(r) is real, so that a contribution
to P proportional tof,gume!M(e,|E|?)dv vanishes.
For later use, we remark that a modal analogue to(Eq.

can be formulated for guided modes in the case of a structure

with realg,(x). Only in that case, due to the orthogonality of
modes with the power-related inner prod{it?], does it fol-
low for the power radiated into th@th mode, after a similar
derivation as above, that

1 * *
é ReEn X H, )ds=-w/2 IME(ry -p ],
surface

()

where the subscripn labels modal field and power.

In order to explain the necessity to choose a egah the
vicinity of the dipole, we consider first the solutions to Egs.
(4) and (5) for uniform space, with reat,. We choose to
solve Eq.(5) and use that the operatorV-x V X can be
rewritten into the operatak(=dyy+dy,+d,), asV-H=0, ac-
cording to Eq.(1). Assuming only a single component of the
polarization,P,, it follows for the Fourier domain

= 8(r = r9)]p./(3e0ey). (13

As can be seen, the solution blows upratrs, and contains
even a term with & function, which would lead to an infi-
nite radiated power ik, would be complex. However, for
real g, the radiated power is finitg8] and is, according to
Egs.(7) and(13), given by

P = wkdn|p,|?/(127s,). (14)

If & were not real, a term proportional to
$polumelM(g,|E[2)dv would have to be added to E4). But,
as can be seen from E(L.3), this term would also cause the
radiated power to become infinite. The above artifacts occur-
ring for complexe, values are attributed to tH@nphysical
choice of point sources and probably also to the use of the
classical picture of uniformly absorbing or amplifying layers.
A treatment including extended sources would be interesting
but is beyond the scope of this paper. A simpler option to
avoid the above artifacts is the multiplication of the right-
hand side of Eq(10) with a regularization ternj17] given
by A*/(A*+k?%, where 1/A corresponds to a certain length.
As a consequence of that, the effects of rapidly oscillating
fields, i.e., evanescent field solutions, are diminished, leading
to a finite value for the radiated power.

For real structures, it can be shown agreement with the
above correspondence principlas discussed below, that
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0= P(R)/Po(Py), (15) lll. FIELD SOLUTIONS FOR THE 2D CASE

where p, denotes the LDOM corresponding to the Below we will derive field solutions corresponding to a
x-polarized source, the subscriptindicates uniform space, radiating dipole in a layered structure, for the 2D case, as-
where we will assume the same index as that of the sourcéumingd,=0. The polarization is given by

containing layer, and we have assumed a source xvjib- _

Iarization.gFo>r/ structures with real refractive indices,'?[he ra- P2p = P2pdX =X 8z~ 2. (22)
diated power according to Ed7) is a measure for the Considering TE(s) polarization first, the only electric field
LDOM, which can be seen as follows. For real structures, theomponent is along and we choose to solve E@t), which
LDOM (or local density of statess given by[19] leads with Eq(22) to

px(r) == IM[G(rgr =T szr)]/ﬂ'- (16) (Oxx * Igzt k(z)nz)Ey =- wZMOPZD,y- (23

HereG,, is thex component corresponding to apolarized  The Fourier transform of Eq23) with respect taz is given
source term of the Green’s tensor, which for the consideregy

problem is defined bysee Eq.(4)]

12 1 122\ —_ _

(- 1/s,V X V X )G =18 —r4), (17) (O~ kg + k) Bk X) = = C18x =) (24)
with | the unit matrix. Comparing Eq$7), (16), and(17), it With E(k, 0 =7, eXp('kzZ)Ey(X 2dz/\2m  and  C,
can be seen thdfor real refractive indicesP(p,), as calcu- = @KoPzpy eXPik.z)/ V2. o
lated with Eq.(7), is indeed proportional tg,. With the Equation(24) is solved for the field inside layar along

(17), after derivingG,, in a similar way as Eqs(13) and ~ Mated by 1£in the intervalxs—£/2<x<xs+£/2; (ii) in that
(16), it follows that interval the field solution is the sum of the homogeneous and

inhomogeneous solutions to E@4) given by
ProlkG, &) = kon®/(67). (18)

a exf yy(x =X ] +a exd— yu(X=x)]+b;

Here py o is the number of states corresponding(b@re x . .
polarization per unit volume and per unit k§. The LDOM  (iii) the field solutions fom,; <x<xs—£/2 andx,>x>Xs
per unit of angular frequencyy (a quantity more directly +&/2 are proportional to eXpu(X—x9]+rs exf—yu(X=xs)]
related to the photon energy is then p,o(w,s)  and exp-y(x—xJ)l+rspexdy(x-xy)], respectively; and
=n3w?/ (372c3). (iv) next, demandlng that at the interfacesxs+¢/2 the

Next, we make a few remarks about the notation used imatio E/a E is continuous, it follows after taking the lim
the paper. The field solutions to Edd) and(5) for layered — 0 that
structures in, say, layey contain, for a given wave vector

parallel to the interfacesk (=k,+k,) terms of the form E(kz,x) = Co(1 +rgp{exd yu(x = x)]

eXp£ 7). where raexl- X=Xl X <x<x, (29
Ya= 7q +|kxq_ \kﬂ kan’ (19 -

wherek;=[k;| andn?(=e, o) is the squared refractive index of Blkex) = Col1 +ra){exi= 7(x =]

that layer. Throughout this paper, the sign of the square root HrpeXd v(X =Xl Xe<x<x, (26)

in Eq. (19) is chosen such thag,” is positive, unIeSSy

=0 (which may occur for real refractive indigesn which  Where C=C,/[2y(1-rqrsp]. The results allow for a

casek,q is chosen positive. El(r)npleh p?_yfécal Imt_erpretatlon. FO& uniform sgaﬁr@l:rsp .
As will be shown below, field solutions to the above equa-~ ), the field solutions correspond to up- and down-going

tions can be expressed using reflectionand transmission Plane waves, both with amplitud€,/(2,). Next, taking

(t) coefficients, which will be denoted as, €.g,, andt into account multiple reflections, the solutiofZb) and(26)

qu
where the subscripts indicate the considered layer stack. F&p!low- For example, the amplitude of the up-going field just
abovex; follows from Cy(1+rg p)(1+rslrsp+r )12y

example ty, is the coefficient for the transmission of an in-
coming beam in layeq to layeru, with a decaying field in =Cal(l+rgp). . )

layeru. To simplify the notation, in this paper we will use the ~ From the above, the field solutions at anyalue can be
subscripts to indicate reflection and transmission with the derived with standard reflection and transmission laws, lead-

x-position of the source as reference, e.g., in the case th4td 0
u# 1 andu# p, with layeru containing the sourcésee Fig. ~
1)’ E(kz, XS’) = fC1/(2’yu), (27)
rs = exd— 29X = Xy-Drua (20) with
and f= tss, N;]_N;;J(DSl,SpDS’l,S'U)’ Xgr < Xg (28)
tsp= exd— Yu(Xy = X9 Jtup. (21) and
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f = tegNaNg /(Dst sgDsps)s X > Xs. (29)
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E,(KyXg) = kHy (Kyy X V(w8081 ) (39)

For the above, and also for later, we introduced the followingand

definitions:
D(,qyt,W =1 =T g ows

o=sors’; (30)

and, to facilitate the notation, a subscrgtto indicate the
considereck value. Note that, it =u, Dy ¢,=Dgpsy=1, as
thenry,=0, and that then Eq27) agrees with Eqg25) and
(26), as it should. The latter can be shown using equation
like (xy is inside layem) ry,=0 andtsy =exgd —y,/Xs —X4].
For TM (p) polarization, we choose E@5) as a starting
point, as then, for the 2D case wity=0, only a single
magnetic field component,, is involved. The equation to
be solved, for the considered layer system, is as follows:

6Hy =- |w{V X p2D5(X_ Xs) 5(2_ Zs)}y1

Ziw{Vs X popdx — X9 8z -2}y,

gw=1orp,

(31)
with
O= g1l oy + d,,+ k(z)sr

where the subscript iV indicates differentiation with re-
spect toxs and z.
Introducing the potentiabh[=(A,,A,)] with

Hy={Vs < A}y, (32)
it follows that

A= 100 00X~ X 82~ 23, (33)
where we have used that the opera¥ar (unlike V) com-
mutes withO. The two equation§33) can be solved, like Eq.

Ez(kzvxs’) = 'yu(szS,xhllyu + iC3,zh2)/(2w£08r,v)a (39
whereh, = (df/dxy)/ v, is given by

hl = tss’ N;lN;;/(Dsl,sst’l,s’u)a Xy < Xs (40)

and

s hy = - teeNgNg /(D spPsrpsrn)s X >Xs. (41)

In Eq. (39), h, is defined bydg/ dxg = y,h,+28(xg —Xs), with

h2 == tss’ N;rlN;J(Dsl,sst’l,s’ u)i Xgr < X (42)

and

hy = —tsg N;1N;/p/(Dsl,sst'p,s/u), Xg =X (43)

Next we discuss how to evaluate the back transform of the
field solution Eq.(27); those corresponding to Eq®8) and
(39) can be found similarly. Considering E@®7), it follows

that

©

E,(Xs,Zy) = C4f dk,f exdikzs— zs) 1/ v,

(44)

Any integration path betwed=- andk,= will lead to a
solution of EqQ.(23), as long as poles and branch cuts are
avoided. Below, we will discuss which integration path leads
to outgoing field solutions. Poles &f which correspond to
modes, occur in the compldg plane for zeros of the term
Da1sp (U#1 or p) occurring in Eqs(28) and(29). If u=1 or

Cy =~ 0’ uoPap,/(4m).

(23), by considering again the Fourier transform with respect (Ds1sp=1), modes correspond to polesrgf, or rg;, respec-

to z. The result is

’Ax/z(kzvxs') = fCS,X/z/(ZVU),

where Cs = —iwPap v, exp(ikzzs)/v“zr andf is defined by
Egs.(28) and(29), whereby now the reflection and transmis-
sion coefficients correspond to TM polarization. The expres
sion for the magnetic field solutions can be found using Eq
(32),

(34)

Hy (ko Xg) = (ik,fCax = 7,Ca.,0)/(27), (35)
whereg= (df/ dxg)/ v, is given by
9= —tesN;Ng/(Dg sDs150), X <X (36)
and
9=teyNgNS, /(Dg sDsps), %o =% (37)

To derive Egs.(36) and (37), we have used equations like
Egs. (20) and (21) and also that the denominator fndoes
not depend orx,, as long as the source remains in layer

tively. The termDg/; ¢, (@nd equivalentlyDy 1) does not
introduce zeros in the denominator bf as will be made
plausible at the end of this section. Branch cut$/af, occur

in so-called open systems, with semi-infinite layers 1 pnd
due to the double-valuedness fj, occurring implicitly in
f/y,. It can be shown, by considering the expressions for

reflection and transmission occurring finthat such branch

cuts do not occur fory,, with g indicating one of the inner
layers, i.e.,g#1 or p. This is related to the fact that in the
field solutions of the inner layers, both solutions @ipX)
occur. The latter holds also for the outermost layers if a
closed systenfe.g., with electric walls as boundarjés con-
sidered.

We first consider a uniforn§2D) open structure, with a
real indexn, and for simplicity it is assumed in the rest of
this section thaks=z,=0. So, we may rewrite Eq44) as

oo

Ey(Xs,2s) = C‘J dk, exp(— ik,zg — y|Xs)/y.  (45)

As we are looking for outgoing field solutions, which should

Next, expressions for the corresponding electric fields calecay for largexy|, it seems natural to choose the integra-

be derived using Eg2). The results are, foxs# Xy,

tion path denoted b, in Fig. 2 andy e |, where we use
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FIG. 2. Integration pathC,, for the evaluation of outgoing
fields in a uniform structure. The paftf, can be used to find the
incoming fields(see texk

“I-IV” to indicate the four quadrants. The result(isee[20]
for a related formulp

B0, 2) = CHP (konp), p= 1\ +7Z, (46
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=(y,—y1) ! (v,+y,) for TE, e.g] changes sign, and also that
To1— Ty if dy—oo, if y; € 1. The latter choice can always be
made ifeq e lll or IV, including the real axis, which implies
that(neglecting negative refractive indigay has to be posi-
tive real or in IV (i.e., absorbing As a consequence of the
above, the integrals alorg,, (see Fig. 3 are equivalent for
the open and closed systemsgjf— oc.

If zy >0 (<0), the pathC,, can be closed with a semi-
circle with infinite radius in the lowefuppe) complexk,
plane, thus encircling the poles in | and (W and IIl). Then,
for xg #0 it follows that the integral over the semicircle
vanishegdue to the presence of teryg and exp—ik,zy) in
the integrandl and so the integral alon@,, contains the
contributions of all poles in | and IVII and IIl), which are
proportional toe,(Xy)exp(—i Byl zy|), with B, €1 or IV or on
the negative imaginary axior part of the poles if the struc-
ture is real ande,,(x) the corresponding modal field. So, the
thus found field is, as desired, a sum of outgoing running

i.e., the field is proportional to the zero-order Hankel func-modes andfor real structuresdecaying evanescent modes.
tion of the second kind, which is indeed an outgoing fieldHere we also used that each pole occurring in the integrand

solution for the assumed time dependence(iex). Simi-
larly, integration along patle;, in Fig. 2, with y e IV, leads

of Eq. (44) contributes to the integral with a term propor-
tional to e(Xy), which can be seen as follows. Considering

to incoming field solutions, proportional to the zero-orderg; .« layeru, it can be shown from Eq$28) and (29) that at

Hankel function of the first kind.
For layered structures, poles frmay occur on, below, or

above the reak, axis if loss and gain are considered. Note

that these poles always occur in paikss £ 8, (with 8, a
propagation constant and labels the mode due to the na-
ture of the modal field equation, corresponding to E2p)

[18]. It is of importance to choose the correct integration

path relative to these poles in order to get the desioed-
going field solution. Below, we will make plausible that the

path should lie above the poles in | and below the poles in

lll. To get rid of the branch cuts related tg, a system
closed with electric wallgr,=-1), at a large distance, is
considered. As a consequence, the continuous spectrum
the radiation modes becomes discrete and poles agipear
approximately at positions indicated in Fig. (3ee also
[21,22). The effect of the introduction of the walls dnis
that the reflection coefficients,; andr,_; , (occurring im-
plicitly in f) are altered, e.gry; has to be replaced by

To1=[rag+ ry exp(= 20y /[ +r 1, €Xp— 2y,dy) ],
(47)

with d; the thickness of layer 1. Note thap; is indeed
single-valued, i.e., it remains unchangedyif [also inr,,

k,plane

oo
“poles of £

FIG. 3. Typical locations of the poles dffor a real structure
(O), an absorbing structursquare) and a structure with gaiq”).
Fields can be evaluated by integrating along gagh, or along the
part lying in the first quadranG} , (see text

a pole, whererg=1/rg, the residue off is proportional

to  exd v(Xy —Xu-1) 1+ eXg—n(Xe =Xu-1) ] * €nlXs), Xg

e layeru. From standard reflection and transmission laws, it
follows that the same holds fag, in any other layer, also for
the special case that; is positioned in one of the outer
layers. In a similar way, it can be shown from E¢35)—(37)

that at a pole the residues of badtlandg, occurring in Eq.
(35), are proportional tdh(xs), the corresponding modal
field.

From the above, it follows that the fielf(xy,zy) in
layer u is a sum of modal field solutions. The fields in the
other layers are continuations of these. These can also be
Onstructed by the transfer matrix mod@2], leading to
fields that are finite for atky, which follows from the nature

of the matrices involved. As a consequence, the only poles of
f [occurring in Eq.(27)] are due to the termg ¢, and the
termsDg 4 ¢y OF Dgpp ¢y dO Not introduce extra poles.

IV. FIELD SOLUTIONS AND RADIATED POWER FOR
THE 3D CASE

We first consider TE polarization and consider the Fourier
transform, with respect to both and z, of the electric field
for a certain value of the in-plane wave vectge=ky+Kk,.
The coordinate system is rotated around xrexis such that
thez' axis has the same direction las(see Fig. 4 Then, for
TE polarization the electric field correspondingkpis di-
rected along’ and it follows according to a derivation as for
Eq. (27) that

Ejr(k;,x) = f(k)Cs explik; - pd/(2y),  (48)
with Cs(k) = w?uo(p, COSO+p, sin 6)/(2m), k=|k;|, and ps
=(0ysz)'. The electric field at a positiong can now be
derived by back transformation of EG8). The result is
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ko can be obtained by encircling the corresponding poles on
integrating. The total field can be evaluated from E&fl)
with the integration path the part @, lying in 1, sayC. .
The above holds also for the open system, which may be
considered, with respect to the considered integrals, as a lim-
iting case(d,,— =) of the closed system.

Using Eqgs.(51), (7), andJy(0)=1, Jl(g)/§|§:0=1/2, the
total radiated power for TE polarization can be expressed as

PTE = - w’uy/(16m) |m<f dKKfs|pl|2/7u)’ (53
0
FIG. 4. Definitions used for the rotation of the coordinate sys-

tem alongx, and for the transformation to a cylindrical coordinate where fs=NgN; /Dy 5, corresponds td(xs=xy) according
system. to Eq. (28), and|[o?] =pg] +|p2|
In order to find an expression for the power going into

- o _ TM modes, we choose to solve E§), which can be written
Ey(re) = J dkydk; exp(= ik - p)fCe 1 yu (4), for the considered planar structure as

(49) OH=-iwV X P, O= sdllsd+dy+d,+ke,,

where Cg,=Cscos# and Cs,=Cssin6, and p=py —ps (54)
Changing to a cylindrical coordinate system fgrand k, . . .
leads to and in the Fourier domain as

= 2m OHy/ (K, Xg) = i{Vs X pd(xgy = xJexpliK, - pdly/(27),

Eya(rs) = f dijk /7, f d6Cs, v U A
0 0 (55)
xexplikp sin(6 - ¢)]/(4m), (50)  with V, as defined below Eq33). As in Sec. lll, we define

where is the angle betweep and the positivey axis (see @ potentialA[=(A0A;)], such thaH,, ={V;x A}y, so that
Fig. 4). The integration ove# can be performed analytically. we may write

Writing the dipole moment also in cylindrical coordinates, _ _

and using the relation for the zero-order Bessel function OA(Kj,Xy) =Cpdlxy —Xs), C;=iwexpik, - py/(2m).
Jo(&)=[3"da expli¢ sina)/(27) [20], and its derivatives (56)
with respect tof (to deal with cosine and sine terms in the

integrand and recurrence relations for the Bessel functionEquation(56) can be solved for both thg and z’ vector

[20], it follows after some standard manipulations that components, leading to
Ey/, = 01ob,/g J dik fCl/(4my,), (51) Ak, xs) = = Copfl(2yy). (57)
0

_ e e The corresponding magnetic field solution is then
with CJF=J1(kip)/ (kjp) andC L= Jy(kip) = Jy(Kp)/ (Kip). As

explained in[20], the integral(51) can be rewritten in terms ﬁy’(kHaxs’) = Co(—ikypyf + YuP29)/(27y), (58)
of an integral over Hankel functiorief the same order as the

substituted Bessel functipmver the interval—w,»), using  where P, =P, COSH-py sin@. The corresponding electrical
Jq(a):[Hgl)(a)+ng)(a)]/2 and expressions relating fields can be calculated from E(®), leading to, forxs# X,
Hgl)(a) and Hff)(—a), g=0,1,...[23]. For example, for the _ ~

field alongp it follows that Ex (K Xe) = kiHy /(0 0e; ) (59

” and
Ep" = w?uoP, J dkfH (kp)/(8mpy,),  (52)
- . E;"(kyXs) = o= ikihupyd v+ hopy ) (o8 ), (60)
where the origin of thé; plane should be avoidel@0] as
there the Hankel function has a singularity. In light of the whereCg= 1y, expik,-p)/ (4). After back transforming the
discussion at the end of Sec. lll, it can be seen that th@pove, it follows, forx# Xy, that
integration path for Eq(52) has to beC,,;, as defined above

(but avoiding the origih Then, with similar arguments as ™ * 5 )

above, and considering the asymptotic behaving? for BN (re) =f dkydky (ki fp.d v~ ikigp,)

large p, it follows that for a closed system the fiel&2) -

consists of outgoing modes. The fields of the separate modes xexp(— ik, - p)l(87)(gge; ), (62)
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E;/'\z/l(rs’) = f dK/dszy/z’)’v(ithlpx/')’u - hyp,)

xexp(= ik, - p)(87)(gqe: ,) (62)

with C,=sin § andC,=-cos#. Similar to the TE case, Egs.

(61) and(62) can be written in cylindrical coordinates, which

leads to(rg#rg)
ExV(ry) = f dki(k'fp,Jo/ yu + Kegp, D/ (ATrecey ),
0
(63)
E;M(rs’) :f dkyy,{kihap,[Jo = 31/ (Kip) ]
0

- kﬂzhlpx‘-]l/ 'yu}/(477808r,v) , (64)

Eg(rs) = f dk ¥, kihapdo/ (k) (4arege, ). (65)
0

PHYSICAL REVIEW E 71, 046609(2005

Yolsy N;r 1N;p/( 'Yusr,vDsl,sst’ 15 u)

= ts’sN;/1N;J(8r,uDs’l,s’stnw)- (68)
We first note that the following holds:
Sf,u')’vtss' = SP,vyuts’s- p=0(TE) or 1(TM), (69)

a property that can be proved by induction starting with a
two-layer stack. Other required properties follow from stan-
dard theory,

ra=rg* tss’ts’srs’ll(l - rs’lrs'u)y (70)

rS/p: rS’U+tSS'tS’SrS;](1 _rSpra;)- (71)

Substituting Eqs(69)—(71) into Eq.(68) shows that Eq(68)
holds.
V. EXAMPLES AND DISCUSSION

As an illustration of the above formulas and also to dis-

Until now we did not bother about the contribution of terms cuss the effects of gain and loss, a number of applications of

with & functions to the field solutions at=rg. Instead of

the presented theory will be given. As a first example, a

going through the calculations again, we consider the fieldystem closed with magnetic wallsyat +d, with real index

solutions(51) and (63)—(65) for uniform space(i.e., all re-
flection coefficients are zerand compare the result with

n, in between, is considered. A dipole oscillating alongs
positioned atx=0, and the wavelength is given by

field solution(13). In so doing, it appears that we have to add=1 um (see the inset of Fig.)5The relative LDOM can be

the terms P,/(ege ) and P,/ (3ege, ) to the thus far
given field solutions, with the corresponding polarization.

From Eqgs.(63—(65) and(7), we derive for the outgoing
power for TM polarization

PM=_ou Imlf dK\(kﬁfs|px|2/7u
0

+k|7uh2,s|pl|2/2):|/(877308r)1 (66)

where h, =-Ng N, /D sp Equations equivalent to Egs.
(53) and (66) have been published before b§,11] for the

calculated from Eqs(66), (14), and (15). With rg=rg,
=r, exp(-2yd), where y=\k?-kjnZ andr,=-1 is the re-
flection coefficient of the(perfectly reflecting magnetic
walls, it follows that

0

pdpyo=P™(p/Py= - 1.5/(k8ni>lm{ J dl«fﬁ/y}.

(72)

where f,=2 sint?(yd)/sinh(2yd) and the integration runs
over the pattC! . defined above. Note that polesfafwill lie

t
on the real(cgl;responding to guided modes, if angnd

evaluation of the power radiated into radiation modes and bymaginary (corresponding to evanescent modksaxes, so

[16] for SE rates in lossy layered structures.

that the contoulC,,, may lie slightly above the redd, axis

As a final remark, we note that the principle of reciprocity approaching that axis somewhat rightigfkon,, where the
applies[20] to the field solutions given above. That is, the integrand of Eq(72) becomes purely real and so no longer

field component aty along &(é=x,p,¢) due to a dipole at
PAre), ({=X,p,¢) is equal to the field along atr¢ due to a
dipole pg(rg) with pgrg)=p.ry. As an example, we will
show this for the TM case witl§=p and {=x with xg <X,
Then, we have to compare the last term of &) with that
of Eq. (64). In the latter, we have to interchanggandr, as
now the source is aty, and if we want to maintain the
definition p= py — ps it follows that we have to introduce a
minus sign inE'™™. So, in order to prove reciprocity for the
considered example, it is sufficient to show that

'Yvhl(rs’ars)/(')’usr,v) :g(rsvrs')/ar,uv (67)

where the second argumentshipandg indicate the position
of the dipole. From the definition637) and (40), we can
rewrite Eq.(67) as follows:

contributes to Eq(72). This way the(removablé singularity
at kj=kony, wherey=0, is avoided.

An expression alternative to E(72) can be obtained by
rewriting thep,-induced part of Eq(63) as

ExV(re) = f dk kT pHE (Kips /(BT yeee;),  (73)

using similar arguments as for deriving E§2). Due to the
presence of the termyy and the asymptotic behavimigz)
~2/(mKpss) exd —i(kjpsg —/4)] for largekpsy, the inte-
gration path(C,,) of Eq.(73) can be closed by a semicircle
with infinite radius in the lowek; complex plangsee also
Sec. I, leading to an integration contour, szfyout. The
radiated power can be written, according to EQ, as
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1.4 T T T T T n=3.4
19l A=tum | omnidirectional grating
' P .(n=3.4, 90nm; n=1.4, 190nm)
1t e 1%
n=1 Py d
_ e 1 omnidirectional grating
= P.(n=3.4, 90nm; n=1.4, 190nm)
06+ magnetic walls i
n=3.4
pxl d r=-1
04r g 1 FIG. 6. Structure consisting of a source containing layer, with
=1 indexn=1 and thicknesd=1 um, in between two grated structures
02t . with both P periods. The wavelength is=1 um.
0 . . . . . dipole oscillates in thg-z plane, i.e., both TE and TM waves
0 05 1 15 2 25 3 are excited. As the outermost layers have the highest index
d(um) (ny=n,=3.4), the system does not support any guided

modes, and all power is eventually radiated into the outer-
most layers. Figure 7 displays the relative power as a func-
tion of the position of the dipole inside the central layer, in
the presence ofboth twice a single unit cell(P=1) and
three unit cell§P=3), as calculated with Eq$53) and(66),
using an integration path in the first quadrant approaching
the realk; axis right of Xk, (to avoid the removable singular-
ity, due tovy,, at that positionand ending at 3k, (where the
2 integrand becomes real, for rdq). For largex, values, os-
X /7] /(1677808r)' (74) cilla?ions are observed Whichd?an be att?ib)fjoted to the pres-
ence of quasiguided modes with a considerable field inside
The integral can be rewritten using Gauchy’s residue theothe central layer, both foP=1 and 3. The difference be-
rem. The poles of occur for 2yd=imm, m=1,2,..., and so tween these two situations is marginal, indicating that in both
for k; on the real and imaginary axes. At these poles it fol-cases the reflection coefficient is nearly the same. The in-
lows for the numerator that{Psin(m/2)}*=-2 if mis odd  crease of the relative radiated power at smglis attributed
and O otherwise, corresponding to symmetric and antisymto tunneling to states corresponding to modal indices in the
metric modes, respectively. At the poles correspondinmto range 1-3.4. This is confirmed by results of calculations us-
odd, the derivative with respect kpof the denominator of;  ing an integration path in the first quadrant of theplane,
is given by dsinh2yd)/dk=[dsinh(2yd)/dy]/(dyldk)  between 0 and 1.64, as shown in Fig. 7.
=-2dk/y. As Re{Hf)2>(I<,‘ps,s—>0)]:1 for k; on the positive As a final example, a three-layer system is considésed
real axis, and O fok, on the negative imaginary axis, it the inset of Fig. 8with a central guiding layer for different

FIG. 5. Relative LDOM for a dipole oscillating along in the
middle of a uniform structure closed with magnetic walls, as a
function d, with 2d the distance between these walls.

PTM =—w Iml JL dKlkﬂsszgz)(kasrs—) 0)
C

out

follows from Eq.(74) that values of the imaginary part of the index, (m)=K
™ ) =0, +0.05. A dipole oscillating alongis assumed in layer 1,
PM=w X K/(8deee), (75 at a distancal from the first interface. Both the wavelength

real polesn odd and the thickness of the central layer are assumed to be

where only poles on the positive realaxis contribute to the 1 um. The total radiated power relative to that of uniform
radiated power. space(with index 1.5 is calculated using Eq66) (with a
The result of applying Eq(72), or equivalently Eq(75)  path above the pole belonging to the guided maated Eq.
with Eg. (7), is given in Fig. 5. At low values ofd (7). The results are given in Fig. 8, as well as the relative
(=0.2 um), there exist no guided modes, and so the radiateghower going into the guided mode in the case of real indices.
power or LDOM is zero. The sudden rise jg/p,o atd  The latter has been calculated in a S|m|Iar way as (£6),
~0.2 um is related to the occurrence of the first guidedi.e., by rewriting Eq.(63) in terms ofH and using Eq(7)
mode; at highed values the oscillations ip,/p, o are due to  and Gauchy’s theorem. Note, as dlscussed in Sec. Il, that for
the appearance of higher-order modes. Note that at tigh structures with loss or gain, modal power is not well defined,
values, p,/p, o approaches unity, i.e., the LDOM of the as modes are not orthogonakith a power-related inner
closed system approaches that of the open system, as may p@duc). Considering the relative total radiated power, it can
expected. be seen from Fig. 8 that for all three considered cases it goes
As a second example, there is a source in a vacuum layetQ unity for largerd values. However, for smatl the relative
sandwiched between two grated structures, corresponding ttgtal power becomes larger and largemaller and smaller
if semi-infinite, omnidirectional mirrorg24,25 (see Fig. 6. and will go to(minug infinity for K=-0.05(0.05. This be-
The considered wavelength,=1 um, is approximately in havior can be understood from E(6) by noting that for
the middle of the transmission gap. It is assumed that theealk;,

046609-8



THEORY OF OPTICAL SPONTANEOUS EMISSION PHYSICAL REVIEW E 71, 046609(2005

25

o 2 ™p . .
1 unit cell #\ PR n=1.5 1d A=1um
18 H ]
«\K=-005 N=1.55+K Twm
g W 1
\ n=1.5

14 F }9 ".‘ i
L)

T
—_—

08 +‘/ o B
064 .
0.4 =0. .

02 -1 ................. —t - ]

0 005 041 015 02 02 03 035 04 045 05 0 .05 01 015 02 025 03
(a) d(um)

3 unit cells FIG. 8. Relative power radiated by a dipole oscillating aleng

as a function of its distancel, from the first interface of the con-
sidered structurésee inset for real indicegK=0), absorption, and
gain (K=%0.09. The relative power going into the guidédM)
mode can only be calculated for the case of real indices. The curves
with the + and O symbols have been evaluated using the regular-
ization procedurdgsee text with A=25 um™ for K=+0.05.

151

o
o os,
g e,
s,

4 T
'/Iptoﬂ o/Po e oy /Po

the regularization procedufé?] mentioned above. By mul-

""""""" T, PTM/p0 e tiplying the integrand of Eq(66) with A*/(A*+k/), using
\»\‘ A=25um™, it can be seen in Fig. 8 that for the cadés
“»\_. =+0.05, the radiated power no longer diverged-f 0.
W xem) T
0 005 01 015 02 025 03 035 04 045 05
(b) VI. CONCLUSIONS
FIG. 7. Relative LDOM as a function of dipole position of the . . . .
structure given by Fig. 6 witP=1 (top figuré and 3 (bottom A theory is presented for the evaluation of optical field
figure). The subscript 1.01 refers to integration in the first quadran@nd power radiated by an oscillating dipole in a layered
of thek; plane between 0 and 1.Kl(see text structure, which may show loss or gain, except the outermost

layers of an open structure, which may not show gain. The
_ _ found expressions are easy to evaluate, without the need of
Im(fy) = IM(rgg) = expl= 2y, d)im(ryy) mode-searching routines. By encircling poles corresponding
=~ exp(— 2y, d)Im(ryy), (76)  to guided modes on integrating, also modal fields and, for
real indices only, modal power can be evaluated. For struc-
where the approximatiofir;3=~ri,) holds for largek, and tures with real indices, the radiated power is a measure for
where we have used thag; =0, as the source lies in layer 1. the local density of modes. This does not hold for a source in
Using, as follows from the expression fap, that for largek,  a layer with loss or gain, where the radiated power becomes
Im(r;5)=0.64 K, it follows indeed that the integrdb6) infinite. The latter is attributed to interaction of the dipole
blows up for nonzer& if d— 0. As the main contributions source with evanescent modes, and may probably be avoided
to the integral come from the region with largg the effect by assuming an extended, rather than a localized, source.
is attributed to interactions of the oscillating dipole with eva-
nescent modes. So, for an oscillating dipole, too close to a
layer with loss or gain, the relative radiated power is not
equal to the relative LDOM, which is assigned to the use of
a localized(s-function-like) source. For an extended source,
the overlap of the function describing the source distribution Work was done in the framework of the KNAW-SPIN
with evanescent modes would rapidly decrease, due to gorogram, Applied Mathematic€EPAM), project 99-WI-04.
increase of spatial frequency of the corresponding fields, folrhe authors thank P.V. Lambeck and H.P. Uranus for helpful
increasingk;. A more or less equivalent way to do so is by discussions.
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